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Abstract

This paper presents an analytical study on the free and forced vibration of inhomogeneous Euler—Bernoulli beams
containing open edge cracks. The beam is subjected to an axial compressive force and a concentrated transverse load
moving along the longitudinal direction. The rotational spring model is used to model the crack causing sectional
flexibility. The forced response is determined by employing modal series expansion technique. Analytical solutions of
natural frequencies and dynamic deflections are obtained for cantilever, hinged—hinged, and clamped—clamped beams
whose material properties follow an exponential through-thickness variation. Numerical results are given in both tabular
and graphical forms. The effects of cracks, material property gradient, axial compression, and the speed of the moving load
are discussed in detail in the parametric study.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

It is known that a structure becomes more flexible and its dynamic characteristics will be changed due to the
presence of cracks. Over the last decade, the dynamic behavior of cracked structures has been a topic of active
research. Many studies have been conducted, either analytically or numerically or both, on the “direct
problem” and “inverse problem” of cracked structures [1-8]. The direct problem involves the determination of
natural frequencies and dynamic response of a cracked structure with knowing crack parameters, providing
information that is essential to the inverse problem which deals with detecting, locating, and quantifying the
extent of damage from the knowledge of measured vibratory data.

When subjected to a moving load or mass, a beam structure produces larger deflections and higher stresses
than it does under an equivalent load applied statically. Such a structure is of practical importance, especially
in transportation system and in the design of machining process. Quite a few studies have been reported in this
field [9-11]. However, research work concerning the effect of cracks on free and forced vibration of a beam
under a moving load or mass is still limited. Mahmoud [12] used a modal analysis based approach to calculate
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the stress intensity factor (SIF) of simply supported undamped Euler—Bernoulli beams subjected to a moving
load or mass. For the same beams, Mahmoud and Abou Zaid [13] developed an iterative modal analysis
method to determine the effect of transverse cracks on the dynamic behavior. Bilello and Bergman [14] carried
out a theoretical and experimental study on the response of a damaged Euler—Bernoulli beam traversed by a
moving mass. The effective mass distribution of the beam and the convective acceleration terms were
considered to correctly evaluate the beam—moving mass interaction force. Lin and Chang [15] obtained an
analytical solution of the forced response of a cantilever beam with a crack subjected to a concentrated
moving load by using the equivalent rotational spring model, transfer matrix method, and modal series
expansion technique. The aforementioned studies considered isotropic homogeneous beams only.

Inhomogeneous composites such as functionally graded materials (FGMs) exhibit a smooth and continuous
gradient in both compositional profile and material properties and have received increasing attention in both
research and engineering communities due to their outstanding properties. The fracture mechanics and the
dynamic characteristics of FGM structures have been the two subject areas attracting a lot of research efforts
over the past few years. This is evidenced by numerous publications available in the open literature (see, for
example, Refs. [16-20] dealing with cracks and fracture problems and Refs. [21-28] studying free vibration
and dynamic response, among many others). It is noted that investigations including the effect of crack defects
on the dynamic behavior of FGM structures are scarce. Sridhar et al. [28] analyzed wave propagation in FGM
beams and layered structures containing embedded horizontal or vertical edge cracks using pseudospectral
finite element method. Most recently, Yang and Chen [29] analytically discussed the influence of open edge
cracks on the vibration and elastic stability characteristics of an Euler—Bernoulli FGM beam with different
boundary conditions.

This paper investigates the free and forced vibration of slender FGM beams with open edge cracks under a
combined action of an axial compression and a concentrated transverse moving load. The classical
Euler—Bernoulli beam theory, rotational spring model and modal expansion technique are used to obtain the
natural frequencies, mode shapes, and dynamic response of cantilever, hinged—hinged, and clamped—clamped
FGM beams with single or multiple cracks. A parametric study is conducted to demonstrate the effects of
material property gradient, the location and total number of cracks, the axial compressive force, the moving
speed of the concentrated load, the slenderness ratio, and boundary condition on the dynamic behavior of
cracked FGM beams.

2. The rotational spring model

Consider a functionally graded beam of length L, thickness 4, and containing an open edge crack of depth a
located at a distance L, from the left end which is taken as the origin of the x—z coordinate system as shown in
Fig. 1. The shear modulus v, Young’s modulus E, and mass density p of the beam vary exponentially in the
thickness direction according to

v(z) =wel,  E(z)=Eoe”, p(z) = pye, (1)

where vy, Ey, and pq are the shear modulus, Young’s modulus, and mass density at the mid-plane (z = 0) of the
beam. f is a constant defining the material property gradient along the thickness direction, and as a special
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Fig. 1. An axially compressed FGM beam with an open edge crack under a moving load.
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case, f =0 corresponds to an isotropic homogeneous beam. Since previous study [16] revealed that the
influence of Poisson’s ratio u on the SIFs is quite limited, its value is taken as a constant for simplicity in the
present analysis.

It is assumed that the crack is perpendicular to the beam surface and always remains open. So the well-
accepted rotational spring model can be used to treat the cracked beam as two sub-beams connected by an
elastic rotational spring at the cracked section which has no mass and no length. The bending stiffness k7 of
the cracked section is related to the flexibility G by

kr =—. (2)

The flexibility of the beam due to the presence of the edge crack can be calculated from [30]
- K2 = ﬁ de
Ez ' 2 da’

where M7 is the bending moment at the cracked section. The SIF under mode 7 loading K;is a function of the

crack depth, beam geometry, external loading, and the material properties. For an FGM strip with an open
edge crack under bending, the expression of SIF was derived by Erdogan and Wu [19] as

4/av(z) 2z—a
Rr== 1+u,; ( ) @

(€)

where i = (3 — 4u) for plane strain problem, 7;is the Chebyshev polynomial of the first kind. The constants a;
are determined by evaluating the boundary integrals using Gaussian quadrature and then solving the resulting
functional equation by collocation method.

3. Theoretical formulations

Suppose that the cracked FGM beam is subjected to an axial compressive force P and a concentrated
transverse load F moving at a constant speed v from the left end of the beam to the right end. Based on the
Kirchhoff-Love hypothesis, the displacement components in the x- and z-axis of an arbitrary point, denoted
by i(x,z,t) and Ww(x,z, t), respectively, take the form of

w(x,z,t) = u(x,t) — z

v
— 5
o (5a)

w(x, z, 1) = w(x, 1), (5b)
where u(x,t) and w(x,f) are the mid-plane longitudinal and transverse displacements, ¢ is time. The axial force

N, bending moment M, and transverse shear force Q are related to the normal strain ¢y = 0u/0x and flexural
curvature k, = 0%w/0x> by

N A B € oM RIN 6k
{M}= B Dy {—kx}’ Q=6_ Blla —Duo- (6)
where
h/2 E(z
(A11,B11,D11)=/ I ()2(1,z,zz)dz. (7)
—h/2 —H

The equations of motion for a perfect FGM beam without cracks, with the axial inertia term being
neglected and the effects of the axial compressive force and the concentrated transverse moving load being
included, can be derived as follows:

azu *w
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o*w *w *w
—+P—+ 1| —=Fé(x—
o T Paa s o(x — vi), (8b)

where d(x—vt) denotes the Dirac delta distribution, and

d

h/2 BZ
L= [ pedz d=py- ©)
—h/2 An
With the introduction of the following quantities:
) -~ u X t |d
WZZa U:z’ 5227 n=-, Alle/L9 T:Lz\/;s
i B PL? ; FIL? (10)
=D — = = — = —
Pk Y AL’ p d d
Eq. (8) can be rewritten in a dimensionless form as
U W
=0, (11a)
o¢ o¢
aw W W
+ + =fo(¢&—VT). 11b
& e o fo(& ) (11b)

Neglecting the dynamic force term fo(E—VT), expressing the dynamic displacements in harmonic
vibration as

UET) = U©)e, (12a)

W(ET) = Ww(&)er, (12b)

where w is the natural frequency, and then substituting Eq. (12) into Eq. (11b) leads to the equation governing
free vibration behavior of the beams

dtw dEw

—+p—— — "W =0. 13

& P 2 (13)

By using the rotational spring, the FGM beam with one open edge crack is divided into two sub-beams

connected by the spring at the cracked section. In what follows, subscript i = 1 and 2 refer to the left and
right sub-beams, respectively. The flexural mode shape function of each segment satisfying Eq. (13) can be
written as

Wi(&) = eq sin(al) + e cos(xl) + ej3 sinh(f<) + eiq cosh(S2). (14)
Substitution of Egs. (12) and (14) into Eq. (11a) gives the axial mode shape function
Ui(&) = yleiro cos(a) — epa sin(al) + ej3f cosh(fE) + ewuf sinh(BE)] + g;€ + gjo. (15)

where

NN TN NN —\f_l
w=\3+ 4+,1L, ﬁ_\/ 5T 4+AL, A= 7

e;(i=12;j=1,...,4), g; and g, are constants to be determined from boundary conditions at beam ends and
the compatibility requirements at the cracked section. For a cantilever beam, the boundary conditions are
dw,

Ui=0, Wi=0, —==0 a&=0, (16a)
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dw
Ny=0, M;=0, Qz—Pde:o até=1. (16b)
At the cracked section (&= 4;), the compatibility condition enforces the continuity of the axial
displacement, transverse displacement, axial force, bending moment, and shear force across the crack. The
discontinuity in the slope is proportional to the bending moment transmitted by the cracked section. Thus, we
have

Ui=U,, Wi=W,, (17a)
dW] dW2
Ny =Ny, M= M,, Ql_Pd—f_Qz_Pd—f’ (17b)
dw, dw,
de—é_de—f_Ml. (17C)
Substituting Egs. (6), (14), (15) into Egs. (16) and (17) yields a matrix equation
[H(w){e} = {0}, (13)

where [H] is the matrix nonlinearly dependent on the natural frequency, {¢} is the vector composed of 12
unknown coefficients g;, g0 and e; (i=1,2; j=1,...,4). This equation has a non-trivial solution when its
determinant is equal to zero

det[H(w)] = ]H(w)‘ =0. (19)

By solving this transcendental equation, the natural frequencies and the associated mode shapes can be

obtained. The free vibration problem of cracked FGM beams with other boundary conditions can be solved in

the same way. The determinants for cantilever, hinged—hinged, and clamped—clamped beams, denoted by
H. s Hj j, and H._., respectively, are given in Appendix A.

4. Forced responses

The modal expansion technique is employed to determine the forced response of the cracked beam. The
dynamic deflection of each sub-beam can be expressed as

W&, T) =Y Wal&au(T), (20)
k=1

where n is the total number of truncated terms, ¢, (7) are the generalized coordinates, and Wy (&) (i = 1,2)
represent the normalized mode shapes of the ith sub-beam

W (&) = el sin(ad) + € cos(aé) + €5 sinh(BE) + ek, cosh(B¢). 1)

Substituting Eq. (20) into Eq. (11b), multiplying by Wy (&) (i = 1,2; j = 1,...,n) and integrating over each
sub-beam, one has

Ay n
/0 ST GT) + pWOq(T) + Wi (TIW 1,(8) dé
k=1
1 n
+ /A > IWREOGT) + pWi(Oau(T) + Wl &)ij(T) W () dé
1 k=1

4y 1
=/ fo(& = VD)W (§)dS +/A So(& = VT)Wy(O)d¢, (22)
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where a superscript > and a super dot denote differentiation with respect to x and T, respectively. With
Eq. (13) in mind, the above equation can be simplified as

n

A |
Z[ék(T) + wiqi(T)] { ; Wi (W (&) dE + /A W& Wo(&) df]

! Ay 1
=f{/ o(E = V)W (&) dE +/ o= VT)W5(O) dé} (23)
0 Ay

Making use of the orthogonality relationship of the normalized mode shapes, Eq. (23) becomes

§(T) + 0pg(T) = Q(T)  (k=1,2,...,n), 24

where

AL
STk, sin(@VT) + eX, cos(aVT) + €k sinh(BVT) + ek, cosh(BVT)] <T<LV> ,

O (T) = (25)

ke ] . AL
f[e’z”1 sin(aVT) + e’z”2 cos(aVT) + 6’2‘3 sinh(BVT) + 612‘4 cosh(SVT)] <T>+/>.

If the beam is initially in a stationary state, i.e., with zero-valued initial displacement and velocity, before the
concentrated load starts to move from the left end, then

[
q(T) = w—k/o sin wi(T — 1)Q)(1)dz

T . . . AL
S o sin (T — 1) [ef; sin(aV1) + €k, cos(aVt) + €fy sinh(BV7) + €k, cosh(BV7)] dr (TS%/)
()4 N
= wi{ S sin (T — 1)[ék, sin(@V1) + €k, cos(aVt) + ek sinh(BV7) + &, cosh(fV7)] dr
ke
T . s . k k . s A]L
+ [4, v sin k(T — 1) [é5; sin(@V'7) + €5, cos(aV7) + €55 sinh(fV'7) + €, cosh(fV'7)] dr} T>—

(26)

The forced responses of FGM cracked beams can then be determined from Eq. (20). It should be pointed
out that the above analytical solution method, although presented for a single crack, is valid for FGM beams
with multiple cracks as well.

5. Numerical results and discussion

To validate the present analysis, the forced vibration response of a homogeneous cantilever beam with an
open edge crack of depth a/h = 0.5 located at A, = 0.3 is first considered. The beam is subjected to a
transverse point load moving at different speed. The geometrical and material parameters of the beam are:
length L = 580 mm, height 4 = 12.7mm, Young’s modulus E = 206 GPa, and mass density p = 7800 kg/m".
The critical speed of the beam is Vy = 60.9m/s. Fig. 2 compares the normalized dynamic tip deflections
FL?/3D,, with the analytical results reported by Lin and Chang [15]. Excellent agreement is observed.

We now evaluate the free and forced vibration of FGM beams with material parameters E; = 70 GPa,
1 =0.33, p; = 2780kg/m’ at the top surface and containing one or more open edge cracks by using the
analytical solution method described above. The beam is subjected to a combined action of a static axial force
and a concentrated transverse load moving along the beam from the left end to the right end at a constant
velocity. Numerical results concerning the free vibration characteristics (natural frequencies and mode shapes)
are given in Table 1 and Figs. 3—7 while the forced vibration responses are displayed in Figs. 8-12,
respectively. In what follows, it is assumed that the crack depth is a/h = 0.2 and the magnitude of the
transverse moving load is not high so that the cracked section of the beam will not be torn. The beam height is
kept constant while the beam length may be varied.
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Fig. 2. Dynamic tip deflections of a homogeneous cantilever with an edge crack at 4; = 0.3 under a moving load at different speed.

Table 1
The first three dimensionless natural frequencies of perfect FGM beams
L/h E,»/E, C-F H-H c-C
(1_)1 U-)z U-)3 (1_)1 (A_)z (I); a')1 (Dg (Z);
0.2 0.83 5.18 14.49 2.51 9.27 21.07 5.25 14.49 28.40
20 1.0 0.88 5.51 15.42 2.47 9.87 22.21 5.59 15.42 30.23
5.0 0.83 5.18 14.49 2.51 9.27 21.07 5.25 14.49 28.40
0.2 3.30 20.70 57.97 10.05 37.09 84.28 21.02 57.94 113.59
10 1.0 3.52 22.03 61.70 9.87 39.48 88.83 22.37 61.67 120.90
5.0 3.30 20.70 57.97 10.05 37.09 84.28 21.02 57.94 113.59

Table 1 lists the first three dimensionless natural frequencies of cantilever (C—F), hinged—hinged (H-H), and
clamped—clamped (C-C) perfect FGM beams with different material property gradients (E»/E; = 0.2,1.0,5.0)
and slenderness ratios (L/h = 10, 20), where E,/E; = 1.0 corresponds to an isotropic homogeneous beam
whose values of d and I; are denoted, respectively, by dy and I, to normalize the frequencies as
W, = w,/+/do/Iy. It is found that the natural frequencies of FGM beams with E,/E; = 0.2 and 5.0 are the
same because the ratios of d/I; for these two beams are almost identical. The isotropic homogeneous beams,
except the hinged—hinged one, have higher dimensionless frequencies than FGM beams.

Fig. 3 shows the fundamental frequency ratio w;/w;y of an axially compressed FGM cantilever
(P/P. = 0.0,0.1,0.3) with an edge crack at varying locations, where w;q is the fundamental frequency of its
perfect counterpart, and P, is the critical buckling load of the cracked beam that can be calculated using the
approach detailed in our previous study [29]. The fundamental frequency ratio is significantly decreased due to
the presence of the axial compressive force and the open edge crack. The greater the compressive force is
applied, and the closer to the fixed end of the cantilever beam the crack is located, the lower the fundamental
frequency becomes. The frequency ratio reaches its lowest value when the crack is at the fixed end. Since the
bending stiffness of a FGM beam is lower as Young’s modulus ratio E,/E; changes from 5.0 to 0.2, its
frequency ratio decreases accordingly, indicating that a weaker beam is more sensitive to the compressive load
and crack.
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Fig. 3. Fundamental frequency ratio of axially compressed FGM cantilevers with an edge crack at varying locations.
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Fig. 4. Effect of slenderness ratio on frequency ratios of axially compressed FGM cantilevers with an edge crack at varying locations: (a)

fundamental frequency ratio; and (b) the second frequency ratio.

Fig. 4 depicts the frequency ratio versus crack location curves for the first two frequencies of axially
compressed FGM cantilevers (E,/E; = 0.2,1.0,5.0, L/h = 10,20, P/P., = 0.0,0.3) with a single edge crack. The
results for the second frequency are much more complicated than those for the fundamental frequency. The
lowest frequency ratios for the first two frequencies are found to be at the same location—the clamped end of
the beam. Numerical results also indicate that a beam with a smaller slenderness ratio is much more sensitive
to the crack.

Fig. 5 compares the fundamental frequency ratios of axially compressed FGM beams (E,/E; = 0.2,1.0,5.0,
L/h =20, P/P..=0.3) with a single edge crack and different end supports. For geometrically symmetric
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Fig. 5. Fundamental frequency ratio of axially compressed FGM beams with an edge crack and different end supports.
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Fig. 6. Fundamental frequency ratio of axially compressed FGM cantilevers with two edge cracks at varying locations (4; = 0.2).

beams such as the hinged-hinged and clamped-clamped beams, the fundamental frequency ratio
versus crack location curves are also symmetric. The fundamental frequency is most affected by the crack
when it is located at the mid-point of the hinged—hinged beam or at the clamped ends of the clamped—clamped
beam.

Fig. 6 shows the effect of multiple cracks on the fundamental frequency ratio of axially compressed FGM
cantilevers (E,/E; = 0.2, 1.0, 5.0, L/h = 20, P/P.. = 0.1, 0.3). It is assumed that the beam contains two edge
cracks of the same depth. The first crack is located at 4; = 0.2 while the position of the second crack may be
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Fig. 7. Vibration mode shapes of axially compressed FGM cantilevers with an edge crack.
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Fig. 8. Dynamic tip deflections of axially compressed FGM cantilevers with an edge crack under a moving load.

varied along the beam length from A, = L,/L = 0.3-1.0. The fundamental frequency is slightly lower as the
second crack is located closer to the first crack. Compared with the FGM beams with a single edge crack, the
beam with two cracks has even lower fundamental frequencies.

Fig. 7 displays the first three mode shapes of axially compressed FGM cantilevers (E»/E; = 0.2, L/h = 20,
P/P.. = 0.3) with an edge crack at the mid-point. No mode shape change due to the crack has been observed.

We next investigate the dynamic response of cracked FGM beams under a combined static axial
compression and a concentrated transverse load moving along the beam from the left end. Table 2 gives the
critical speed, defined as V= ()LO / L) Vd/I, where ié = wo+/11/d, of cantilever, hinged-hinged, and
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Fig. 9. Dynamic tip deflections of an axially compressed FGM cantilever with an edge crack under different moving load speeds.
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Fig. 10. Dynamic tip deflections of an axially compressed FGM cantilever with an edge crack at different locations.

clamped—clamped perfect FGM beams (E,/E, =0.2, 1.0, 5.0, L/h =20). The critical speeds of FGM
cantilevers with an edge crack at different locations (4; = 0.2, 0.4, 0.6, 0.8) are listed in Table 3. It is seen that
the critical speed of a cracked beam, which is smaller than that of the perfect beam, is only slightly affected by
the crack location.

In the following computations, the dynamic deflections in Figs. 8-12 are normalized by the static tip
deflection of a perfect homogeneous cantilever under a point load at its free end, i.e., FL*/3d,. Note that the
horizontal axis ¢ is the distance the point load has traveled from the left end. Since the moving speed is
constant, ¢ virtually represents the time the load has traveled. Based on the convergence study we have
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crack under a moving load.
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Fig. 12. Dynamic tip deflections of axially compressed FGM cantilevers with one and two edge cracks under a moving load.

conducted but not presented for brevity, the present solution method exhibits excellent convergence
characteristics and gives convergent results when the total number of truncated terms in Eq. (20) is n=>4.
Hence, n = 4 is used in Figs. 8-12.

Fig. 8 demonstrates the effects of both axial compressive force and Young’s modulus ratio E»/E; on the
dynamic tip deflection of cracked FGM cantilevers (L/h = 20, 41 = 0.5) when a point load moves at a speed of
V/Vy = 0.4. Figs. 9 and 10 investigate, respectively, how the dynamic tip deflection is influenced by the moving
speed of the point load and the crack location. It is observed that the deflection increases with a decrease in
Young’s modulus ratio and an increase in the axial compression but decreases at a higher value of V/V,.
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Table 2
The critical speed V; of perfect FGM beams

Lih Ey/E, Vo (m/s)
C-F H-H Cc-C
0.2 135.167 235.775 340.962
20 1.0 143.869 241.042 362.914
5.0 135.167 235.775 340.962
Table 3

The critical speed V;, of FGM cantilevers with an edge crack

E,/E, Vo (m/s)

A, =02 A, =04 A, =06 A, =08
0.2 122.791 123.588 124.091 124.300
1.0 123.936 124.143 124.273 124.326
5.0 124.222 124.281 124.317 124.332

This is because the beam does not have enough time to reach its maximum deflection when the load moves at a
faster speed. The crack location, however, has very little effect on the dynamic tip deflection.

Fig. 11 compares the dynamic deflections at the mid-point of hinged—hinged and clamped—clamped FGM
beams (E,/E; = 0.2, L/h =20, V/V, = 0.4) containing an edge crack (4; = 0.5) with and without an axial
compression. As expected, the hinged—hinged beam has much higher deflections than the clamped—clamped
beam. The dynamic deflection is much more significantly influenced by the axial compressive load than the
edge crack, although both weakening the bending stiffness and consequently resulting in higher bending
deformation.

Fig. 12 gives the dynamic tip deflection responses of axially compressed FGM cantilevers (E,/E; = 0.2,
L/h =20, V/Vy=0.4, P/P., = 0.3) with one and two edge cracks. The dynamic tip deflection of the cracked
beam with two edge cracks is marginally higher than that of the beam with one edge crack.

6. Concluding remarks

Free and forced vibration of FGM Euler—Bernoulli beams with open edge cracks subjected to an axial force
and a concentrated moving load is analytically investigated using the rotational spring model and the modal
expansion technique. A parametric study has been conducted to examine how the material property gradient,
location and the total number of cracks, slenderness ratio, boundary conditions, moving speed of the
concentrated load, and the axial compressive force affect the free vibration and dynamic response of the
beams. It is found that the natural frequencies decrease and the dynamic deflection increases due to
the presence of the edge crack and the axial compressive force. While the natural frequencies are greatly
influenced by the edge crack, especially when it is located at some specific positions, the dynamic deflection is
not very sensitive to the presence and the location of the edge crack. Both free vibration and dynamic response
are much more affected by the axial compression than by the edge crack. The beam with a smaller modulus
ratio E>/E has a lower frequency ratio and higher dynamic deflection.
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Appendix A

In Eq. (19), the determinants for cantilever, hinged—hinged, and clamped—clamped FGM beams with single edge crack are given as below:
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